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Sinusoids
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Alternating (AC) Sinusoidal
Waveforms

Period of a Waveform

sine waveform.

1 Cycle: The portion of awaveform
contained In one period of time.
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1 Period (T): Thetimeinterval
between successive repetitions of a
periodic waveform (time required for
completing one full cycle).

Period

1 One period occupies exactly 360° of a

frequency

(Sec)



Alternating (AC) Sinusoidal
Waveforms

Frequency of a Waveform

1 Frequency (f): The number of cyclesthat occur in 1 sec
(number of cyclesthat is completed each second.)

L

four
— complete
cycles

1 Thisfigure shows four cycles per second, or awaveform

that has a frequency of 4 Hz.
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Sinusoids eecs

@A SINUSOID isasignal that has the form of the sine or cosine function.

v(t) =V, sinwt

1 I Period

(a) As a function of mr. (b) As a function of 1.

« 7, is the Peak Amplitude of the sinusoid.
* ® is the Angular Frequency (Anqular Velocity ) in radians/s.

* / 1s the Frequency in Hertz. « T is the period in seconds.

w=27f and f=%.] :> 5 o
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Instantaneous Value of a Wave

| nstantaneous value: The magnitude of awaveform at any instant of
time; denoted by the lowercase letters (v1, v2).

Peak amplitude: The maximum value of the waveform as measured
from reference horizontal line (the greater value of Instantaneous value),
denoted by the uppercase letters Vm.

Rotation at w rad s
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v(©)=Vm cos(or+ ¢P,) where ¢, isthe phase angle



Phase of Sinusoids

1 OA represents a vector
that Isfreeto rotate
anticlockwise about O
at an angular velocity
of w rad/s. A rotating
vector iIsknown as a
phasor.

1 Any guantity which
varies sinusoidally can
thus be represented as
a phasor.

Vector rotalion

——

Ao = AL sinfot + &)

F  M0° W W0°

M 600 900 120 150° W ZI0C |, 2307 | 330
o Do

o 1

Sinuscedal Wawalomm in

Rotating Phasor the Time Domain
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Rotating of Two phasors
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Phase of Sinusoids -4+

vy =V, sin ws

vy = W siner + ¢)

@ Only two sinusoidal values with the same frequency can be
compared by their amplitude and phase difference.

@ If phase difference is zero, they are in phase; if phase difference is
not zero, they are out of phase.
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Phase of Sinusoids -4

o0
@ The terms |ead and |ag are used to indicate the rel ationship between two sinusdidal
waveforms of the same frequency plotted on the same set of axes.

@I'he cosine curveis said to |lead the sine curve by 90°.

@ The sine curve is said to lag the cosine curve by 90°.

90 is referred to as the phase angle between the two waveforms.

“\When determining the phase measurement we first note that each sinusoidal
function has the same frequency, permitting the use of either waveform to determine
the period.

@#Since the full period represents a cycle of 360°.
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Phase of Sinusoids

@Consider the sinusoidal voltage having phase o,

=V, sin wi
-

i = Vo sin(wt + @)

Vo s _——
#. P \‘\ _/ '\-‘\
4 \ o
[ \
i oy \
1 H‘a,
ll"., .'.l
\ { &
T 7
s 1\\ il e
i \ J
N
\ LT,
A,
Vo e —

vt)=V, sinot

1;(:) =V sin(wt+ @)

-V, LEADSV, by phase ¢.
VvV, LAGSV, by phase ¢.

« v, and v, are out of phase.
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Average Value of a Wave §§::

Suppose atime-varying function f(t) is defined on the interval a<t <bh.
Thearea A, under the graph of f(t) isgiven by the integral

area of rectangle = area under curve

1
l average or mean value of the flmct.innl ::> ho= +— [ f(t)dt
a
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Average Value of Sine Wave §§::

The average value of only half acycle of the Sine waveis given by:

I/ TI2
Vm—— [v(0)at = [rf sin( wt +6, )dr=—V =0.637V,,
T2 3 T/2
i TS|
ﬂveragevnitage{vm}/ ‘1 pedwcsltager.']
The average value of the full cycle of ekl Tl

the wave will be zero because the sine \
wave symmetrical about zero.
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Root-mean-square value coes

of sin wave oer

RMS volta EN X \ pealwultage (V)
0.707 xpe.dn:vdia;e

\_//

1 TheR.M.S. (or effective) value of an aternating voltage or current (AC) is
the value which would produce the same amount of heat energy in aresistor
as adirect voltage or current (DC) of the same magnitude.

R.M.S. T

- ‘1 1 2
\Z] ﬂ Xy v(t) = Vysinot V7, _J'u (1) dt
(3

(1) °
Root (2) sSquare
Mean rms

V

rms

0.707 V,

S
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EX.1: Find the amplitude, phase, period, and frequency 000

of the sinusoid: v(t)=12cos(50t+10°) o

Solution
The amplitude is: V =12V
The phaseis : ¢ =10°
The angular frequency is ® =30 rad/s

The period is: T =Q2n/®w) = (2n/50) =0.1257 s

The frequency is f =(1/T) = (1/0.1257) = 7.958 Hz
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0000
EX.2 . Calculatethe phase angle between $0o?
v, = -10 cos(wt+50°) & v, = 12 sin(wt-10°) oo
state which sinusoid isleading
Solution
v; = —10cos(wt + 50°) = 10 cos(wt + 50° — 180°)

v = 10cos(wt — 1307)
vy = 12sm(wt — 10%) = 12 cos(wt — 10° — 90°)

vy = 12 cos(wt — 1007)

vy leads vy by 30°
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Complex Numbers
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Complex Numbers coeo

@A complex number may be written in RECTANGULAR FORM as: o0
RECTANGULAR FORM ‘

z=x+jy j=-1, x=Re(z), y=Im(z)

@A second way of representing the complex number is by specifying the
MAGNITUDE (r) and the ANGLE (6) in POLAR form.

POLAR FORM

Z=X+]y =|z| /60 =r/L6
@Thethird way of representing the complex number isthe EXPONENTIAL form.

EXPONENTIAL FORM * X isthe REAL part.
*y isthe IMAGINARY part.
Z=X+ ¥ =\Z‘ £0 =re° - risthe MAGNITUDE.
* pisthe ANGLE.
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Complex Numbers

@A complex number may be written in RECTANGULAR FORM as:.

z=x+jy j=v-1 RECTANGULAR FORM T —
x= rcos¢ y= rsind
=r/¢ POLAR FORM
r=adxt+7 H=tan™ 2 : .
* x “—» Real axis
7= re'* EXPONENTIAL FORM
r=aJx*+y° O=tan’ 2
=

23
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Complex Number Conversions | ssee
0000
@Mathematical operations on complex numbers may require conversions E oo
from one form to other form.

z=x+jy=rZ¢=re ?=r(cosd+ jsing)

@Converting Rectangular to Polar:

Imaginary axis

Z=Xx+jy

r=y2®+37, p=tan" 2
%

‘eré{é‘

@Converting Polar to Rectangular :
Z=r/¢

X =rcosg, y=rsing

Z=X+ J:y Electric Circuits 24
Dr. Ayman Yousef
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Mathematical Operations of Complex
Numbers

@Mathematical operationsfor conversions complex numbers from one
form to other form.

@Addition and Subtraction must be on the Rectangular form.

ADDITION: z,+z, =(X,+ X,)H({¥,+ ¥,)
SUBTRACTION: z-z, =(X,-X,)H(Y;- ¥;)

@M ultiplication and Division must be on the Polar form.
MULTIPLICATION: zz,=1, ,Z¢+¢,

Z L
—=—2¢-¢,
Z, I

DIVISION:

Electric Circuits
Dr. Ayman Yousef
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Adding Phasors Graphically §§:'

@A dding sinusoids of the same frequency is equivalent to adding their
corresponding phasors.

V=V, +V,

V, =V,D - 45°v

V, =V,D30°V
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Phasors
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Phasors

@ The phasor i1sacomplex number that carries the amplitude
and phase angle information of a sinusoidal function.

@ Phasor isthe mathematical equivalent of a sinusoid with time
variable dropped.

@ Phasor will be defined from the cosine function in all our
proceeding study.

@ |f avoltage or current expression isin the form of a sing, it
will be changed to a cosine by subtracting from the phase.
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Phasors

@Phasor representation is based on Euler’s formula.

@uler'sformulaindicates that sinusoids can be represented
mathematically by the sum of two complex-valued functions

e*1?=cos¢@ + jsing Eulers Identity

cos¢ =Re {e”’} Real part sing = Im {ej"} Imaginary part
Givenasinusoid V(1)=V cos(ot+e)

v(t) =V, cos(at + @) = Re(V, e’ “"*?) = Re(V, ee’™) = Re(Ve'™)

V=Ve*=V /¢=PHASOR REP.
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Phasors

|V(f) — Vm cos(art + gb")\ :> (Time Domain Re presentation)l
b = le (;35 I j> (Phasor Domain Re presentation)

v(t) = Re{Ve’”} (Converting Phasor back to time)‘

@ Given the sinusoids i(t)=I ,cos(mt+q,) and v(t)=V cos(ot+ ¢,/)
we can obtain the phasor forms as:

If i(t) = I cos(wt+d,) then phasor 1 =1,,2¢,

If v(t) = V cos(wt+d,) then phasor j= Vinl @y
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Phase Difference of a Sinusoidal Waveform | seee

The current, i is lagging the voltage, v by angle ® and in our example
above this is 30°.

So the difference between the two phasors representing the two sinusoidal
guantities is angle ® and the resulting phasor diagram will be.

‘\m
vV = Vp sin{ot) - o Reference

axis

¢ ) (30%

Lagging

axis
i = Iman(ot-§)
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EX. 3 : Transform these sinusoids to phasors:
(@) I = 6 cos(50t-40°)
(b) v = - 4 sin(30t+50°)

Solution

(a) i = 6 cos(50t - 40°)

The phasor =6 /-40°

(b) v = -4 sin(30t+50°)
= 4 cos (30t+50+90°)
=4 cos (30t + 140°)

The phasor form of v is V=4/140°
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Ex.4: Given i,(t)=4cos(wt+30°) A, and §§:'
1,(t)=5sin(wt-20°) A , find their sum. o

Solution
1,(t)= 4 cos(ot+30°) then phasor I,=4/30°A
I,(t)=5 sin(0t-20°) =5 cos (ot -20°-90°) = 5 cos(wt-110°)

then phasor I,=35 Z-110° A

I=1,+1,=4/30°+5/-110° = 3.464+j2-1.71-j4.698
= 1.754 —j2.698
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Phasor Relationships
for
Circuit Elements
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Phasor Relationships for Resistor

v=IiR

Time Domain

i(t) =1 cos(wt+ @)= Re(Ie’™)

v(t) =i(t)R = Rl cos(at + @)
V =RI Z¢=RI

V=IR

Frequency Domain

Phasor voltage and current of a resistor
are in phase
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Phasor Relationships for Resistor  eee

Time Domain Frequency Domain

Phasor voltage and current of a resistor
are in phase
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Phasor Relationships for Inductor 5;;:
. o0
v(7) = L% = L%Im cos(wt +¢) = —@LI, sin(@f+ @) = oLl cos(ar+¢+90°) o

V=Ll /(¢ +90°)=mLl ™ = jolLl

Where the Inductive reactance is: XL =mL

: I
e i
O—— e

+ +
"

2 2
v = L AV

- =
o— o—

Y= L% V =jwlLl

Time Domain Frequency Domain

Phasor current of an inductor LAGS
the voltage by 90 degrees.
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Phasor Relationships for Inductor §§:‘

Time Domain Frequency Domain

Phasor current of an inductor LAGS
the voltage by 90 degrees.
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Phasor Relationships for Capacitor | sses
o000
; dv d . o0
i(r)= C‘E — Ca V. cos(ax +¢) = —wCV, sin(et + @) = oCV, cos(et + ¢+90°) °
o I
I=aCV, Z(¢+90°) =wCVmef’e’°° = jeCV V=E
Where the capacitive reactance is: Xc =LC
)
—th- —Ih-
v — 3 Vv == i
,_i:{ji;;-;-’ I=jm@
Time Domain Frequency Domain

Phasor current of a capacitor LEADS
the voltage by 90 degrees.
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Phasor Relationships for Capacitor §§:‘

Time Domain Frequency Domain

Phasor current of a capacitor LEADS
the voltage by 90 degrees.
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Phasor Relationships for Circuit
Elements
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Phasor Relationships for Circuit

Q

Elements
Time Domain Frgquency Domain
Tyic b o
é-i- i V=RI
t)= Ri(t REf « .
RSO WO=RIO RSV g
g“” -
| di(t) 1 = j@
v(it)=L : 72 .
L St O=L=  [joL37 j=_Ll p
joL
[yic) i i 5 1
U ip=c y P
C==v(t) | dt | Cc==V ,.
- =i T - I=jecy
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